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cosh %
sinh %

tanh % *+,ℎ 0 = 0

01*ℎ 0 = 1���

34,ℎ 0 = 0
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01*ℎ5 % − *+,ℎ5 % = 1
cosh 78 = cos 8 sinh 78 = jsin 8
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!±# = cosh ) ± sinh )

, - = ./012 + 4/12
!±12 = cosh 12 ± sinh 12

= 5cosh 12 − 5 sinh 12 + 7cosh 12 + 7sinh 12

= 5 + 4 cosh 12 + (7 − .) sinh 12

= 5: cosh 12 + 4: sinh 12
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! " = 1
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(()*+, − .)+,)

! " = − 1
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{.1 cosh +, + 71 sinh +, }

7 + . = 71 ; − ( = .1
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{)* cosh /0 + 2* sinh /0 }

6(") = 2* cosh /0 + )* sinh /0

	� '�=�+<2)�% $5-.<(�2(�5
�0<�����6�!">

	� '�=�+1�!"

�% $�6(�2(�6�&��=�(�9%(�
5-.<���=�,1�8<�
4357��'�

:;	� '���=�+<2#�/90+*



-���� �	��
��������������

�	����
�����

! "($)

2

2'

(

1

1'

( = 0 ∆(

-($)

./

-/

-/

0

.1 21

-1

-1



-���� �	��
��������������

(a) 	
�������������

!" = !(%) '" = '(%)

( )(*)

2

2,

-

1

1,

- = 0 ∆-

'(*)

!"

'"

'"

1

!2 32

'2

'2



-���� �	��
��������������

! 0 = − 1
&'
{)* cosh / ∗ 1 − 2* sinh / ∗ 1 }

6(0) = 2* cosh / ∗ 1 + )* sinh / ∗ 1
: = 0�����

2* = 6 0 = ;<

)* = −&'= 1 = −&'=<
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! " = $% cosh *+ − -%./
sinh *+

2(") = -% cosh *+ − ./$% sinh *+

56 = -% 76 = −./$%
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! " = $∗ cosh *. , ∗ " − $ ∗ sinh *. ,"
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!(#) = &' cosh ,- − /01' sinh ,-

4 # = 1' cosh ,- − &'/0
sinh ,-
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! " = $% = − 1
()
{+, cosh 12 + 4, sinh 12 }

8 " = 9% = 4, cosh 12 + +, sinh 12
: = "�����

4, = 9% cosh 12 + ()$% sinh 12

+, = −()$% cosh 12 − 9% sinh 12
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!" = $% cosh *+ + -./% sinh *+

2" = −-./% cosh *+ − $% sinh *+

4 5 = − 1
-.
{2" cosh *8 + !" sinh *8 }

:(5) = !" cosh *8 + 2" sinh *8
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! " = {%&cosh +, + ./0& sinh +, } cosh +4
+{−./0& cosh +, − %& sinh +, } sinh +4

! " = %& {cosh +, cosh +4 − sinh +, sinh +4 }
+./0&{sinh +, cosh +4 − cosh +, sinh +4 }
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! " = $%cosh(+, − +.) + 123%sinh(+, − +.)
! " = $%cosh+ , − . + 123%sinh+ , − .

6 " = 3%cosh+ , − . + $%12
sinh+ , − .
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6 " = − 1
12
{[−123% cosh +, − $% sinh +, ] cosh +.

+[$% cosh +, + 123% sinh +, ] sinh +. }
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! " = $%cosh* + − - + /%01
sinh* + − -

4 " = /%cosh* + − - + 01$%sinh* + − -

/ - = 56789. % ;9 − - + 7<=89. % ;9 − -
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! " = $%cosh* + − - + /%01
sinh* + − -

4 " = /%cosh* + − - + 01$%sinh* + − -
- = 5�����

$6 = ! 0 = $%cosh* + + /%01
sinh*+

/6 = 4 0 = /%cosh* + + 01$%sinh*+

���(- = 5)����

���(- = 5)����
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!" = $ 0 = !&cosh +, +
.&
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sinh(+4)

." = 6 0 = .&cosh(+,) +/0 !&sinh(+4)

."
!"
= cosh(+,) /0sinh(+4)

"
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sinh(+4) cosh +,
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�����! = # + %β = % '(

!) = % *3 ∗ 2 = % 2*3
A = D = cosh !4 = cosh % 2*3 = cos 2*

3 = −67

B = 9:sinh !) = 200sinh % 2*3 = %20sin 2*
3 = >6?? @ Ω

C = 6
9:
sinh !) = 6

7?? sinh % 2*3 = %20sin 2*
3 = > @

C?? D
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! " = $%cosh* + − - + /%01
sinh* + − -

4 " = /%cosh* + − - + 01$%sinh* + − -

0 " = 4 "
! " = /%cosh* + − - + 01$%sinh* + − -

$%cosh* + − - + /%01 sinh* + − -

056 =
4 0
! 0 = /%cosh*+ + 01$%sinh*+

$%cosh*+ + /%01 sinh*+
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!'( =
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+ 0 = $%cosh01 + !3&%sinh01

&%cosh01 + $%!3 sinh01

!'( =
) 0
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&% cosh01 + !3sinh01

cosh01 + $%&%
6
!3 sinh01

!'( =
) 0
+ 0 = !"cosh01 + !3sinh01

cosh01 + !"!3 sinh01
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!&' =
!"cosh,- + !"sinh,-
cosh,- + sinh,-
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������ !" = 0

!%& =
!"cosh +, + !.sinh +,
cosh +, + !"!. sinh +,

!%& =
!.sinh +,
cosh +, = !.tanh+,
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1

1)

%+ = ∞

!,- =
!"cosh 23 + !5sinh 23
cosh 23 + !"!5 sinh 23

!,- =
cosh23 + !5!" sinh 23
1
!" cosh23 +

1
!5 sinh 23

!,- =
cosh 23
1
!5 sinh 23

= !5 coth 23
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&(") = )* cosh /0 − 234* sinh /0
���" = 7*
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)* cosh /! − 234* sinh /! = 8
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!(#) = &' cosh ,- − /01' sinh ,-

!(#) = &' cosh ,- − /0
&' cosh ,4
/0 sinh ,4

sinh ,-

!(#) = &'
sinh ,4 {cosh ,- sinh ,4 − cosh ,4 sinh ,- }

! # = &'sinh ,(4 − -)
sinh ,4
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! → ∞
$ % = '()*! ()+,! + .(*! (+,!
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/ = 0 �$����#((
.(*! (+,!����.(*! → ∞

! → ∞
'()*! ()+,!����'()*! → 1



-���� �	��
��������������

! = 0
������"��
��

$ % = &'()* + % = 1
-.
&'()*

- % = $ %
+ % = -.

���"�	"�% ��������"
�#�! ��%)(*')&-.����$�



-���� �	��
��������������

(a)�����
&*)+(*'!"���%��$��, !# = !")

!&' = !"
!&'�����"��(!�����#���"�
��
&*)+(*'!" 	!�����$

)*+

2

2-

1

1-

)/



-���� �	��
��������������

������&
�&(��

������)�����(
���+�	,425/4.!"
%��!$��&��%�*�
!"%��#* &+�
�+&*
63104-7&��� (���
���"'�



-���� �	��
��������������

���-�3C:'�$!#�9���-�
D5B')C*>'���-��28'�$
!#�=*6<A78��=�.1=��-
�D5B4C(0DE%/C5@<'�"<
�$!#<,*8>'�&�E��FNLO
JNI!"9��2'���>��2;*A+
<28�*C(0D<AB'��25�=GK
MHO>FNLOJNI!"9��1D'?5'
&�<&	-
��<� 1DC(



-���� �	��
��������������

!

!"

# $(&, ()

*

*"

+

,

1

1"

�����

. = 0, 1 = 0������������
�	
�����������




-���� �	��
��������������

����	�
�����

! = 0, % = 0

& = (() −+,-.),+ +-) ++.( , − () −+,-.
,

1 = () −+,-. + (() −+,-.),+ +-) ++.( ,

,

1 = 2

& = + -.
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! = # $ = % &' ( = )% &' cosh ). = cos . sinh ). = jsin .

cosh (2 = cosh )$2 = 345 $2
678h (2 = sinh )$2 = )59: $2

;(=) = ?@ cosh (2 − BCD@ sinh (2
E = = D@ cosh (2 − ?@BC

sinh (2

;(=) = ?@345 $2 − FBCD@59: $2

E = = D@345 $2 − )
?@
BC
59: $2
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! " = $%cosh* + − - + /%01
sinh* + − -

4 " = /%cosh* + − - + 01$%sinh* + − -

! " = $%cos + − - + 5/%01
678 9 + − -

4 " = /%cos + − - + 501$%678 9 + − -

cosh * + − - = cosh 59 + − - = :;6 9 + − -
<=>h * + − - = sinh 59 + − - = 5678 9 + − -
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